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Abstract

This is a tutorial paper meant to introduce the reader to the new concept of turbo codes.  This

is a new and very powerful error correction technique which outperforms all previous known

coding schemes.  It can be used in any communication system where a significant power saving is

required or the operating signal–to–noise ratio (SNR) is very low. Deep space communications,

mobile satellite/cellular communications, microwave links, paging, etc., are some of the possible

applications of this revolutionary coding technique.

Part I of the paper discussed the history of turbo codes, why they are different from

traditional convolutional/block codes, the turbo encoder structures and issues related to the

interleaver design.

Part II addresses the decoder architecture, the achievable performance for turbo codes for a

wide range of coding rates and modulation techniques and discusses delay and implementation

issues.
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1  Introduction
The optimum decoding of turbo codes is the maximum likelihood decoding algorithm

applied to the turbo code trellis structure.  However, due to the interleaver embedded in the turbo

encoder, the turbo code trellis will have an extremly large number of states.  This fact makes the

maximum likelihood decoding process almost impossible to implement in practice for large

interleaver sizes.

A more practical approach is an iterative decoding approach where the maximum

likelihood decoding algorithm is applied to the elementary convolutional/block codes of the

turbo code.

This iterative process raises the question of how close its performance is to the performance

of the optimum decoding process.  In [1], it was shown that turbo codes are near–optimal codes.

Simulation results based on iterative decoding approach within 0.7 dB of the sphere–packing

lower bound for various code rates and information block size from 100 to 10,000 bits.

Therefore, this iterative technique is a very efficient way to decode turbo codes and to achieve

performance close to the theoretical limits.

The second question related to the iterative process is how to pass the information from one

decoder to the other.  We answer this in the following section. However, it is worth mentioning

here that due to the iterative process, some parameters can grow to infinity unless special care is

taken in the decoding algorithm.  Limitations imposed on these parameters can have negative

effects when very low BERs are simulated. Another cause for the limitation in BER performance

is a poor interleaver design.  Due to highly correlated sequences, the BER decreases to a certain

level from where there is no further improvement in the decoding process.  This is called the

“error floor” effect of the turbo code BER curve.

Figure 1.1. shows three curves. The “error floor” curve is typical of bad interleaver design

or truncations in the decoding algorithm.  The simulation result curve also presents a change in

slope but at very low BERs, when the theoretical bound for the turbo code is reached.
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Figure 1.1: Typical BER curve for turbo codes.
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2  Turbo Decoding
Consider the generic turbo encoder in Figure 2.1.  The outputs of the turbo encoder are the

information sequence Dk, renamed as X�k  together with the corresponding parity sequence Y�k

produced by the encoder block ENC� and the parity sequence Y|
k
 produced by the encoder block

ENC| at time k.  These sequences are modulated and sent through the channel.  The interleaved

data sequence X|
k
 is not sent because it can be regenerated at the receiver by interleaving the

received sequence corresponding to X�k .  Upper case is used for the binary turbo encoder outputs.

Lower case is used for the noisy received signals at the turbo decoder.

INT

ENC�

ENC|

Y�k

Y|
k

Figure 2.1: Generic turbo encoder.
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At the receiver, decoding is performed in an iterative process as shown in Figure 2.2.
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OutputFigure 2.2: Generic turbo decoder.
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Consider for example the case where a single iteration is employed using two soft decision

decoders.  Decoder DEC� provides a soft output which is a measure of the reliability of each

decoded bit.  From this reliability information, the extrinsic information is produced, which does

not depend on the current inputs to the decoder.  This extrinsic information, after interleaving, is

passed on to DEC| which uses this information to decode the interleaved bit sequence.  From the

soft outputs of DEC|, the new extrinsic information is fed back to the input of DEC� and so on.

If an error occurs at the output of the first decoder due to a very noisy input, it might very

well be corrected by the second decoder.

A soft decision decoder outputs a real number which is a measure of the probability of a

correct decision.  This real number is called the a posteriori probability (APP).  There are two

types of soft decision decoding algorithms which are typically used, the first being a modified

Viterbi algorithm which produces soft outputs and hence is called a soft output Viterbi algorithm

(SOVA) [2].  A second is the maximum a posteriori (MAP) algorithm [3, 4].  Estimates put the

complexity of the MAP algorithm at two times that of the Viterbi algorithm.  However, the MAP

algorithm results in better performance at low SNR due to a more accurate evaluation of the APP.

The performance of a turbo coding scheme improves as the number of decoder iterations is

increased.  However, the coding gain from one iteration to another, decreases with the number of

iterations.  Each iteration involves two decoding stages.  Therefore, the overall complexity of a

turbo decoder depends on how efficient the decoding algorithm is implemented.

There are other algorithms that might be used in a turbo decoder.  The soft input soft output

(SISO) algorithm described in [5] is very similar to the MAP algorithm but easier to use in the

case where there are parallel paths between two states in a trellis diagram.
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Recently, a new algorithm based on the list output Viterbi algorithm (LOVA) [6] was

applied to turbo codes [7].  This algorithm is proposed as an alternative technique to reduce the

“error floor” of turbo codes.  The overall receiver structure combines the conventional turbo

decoder algorithm with a list decoder.  After each iteration, the turbo decoder output is checked

for errors using the CRC check.  If the test is passed in less than a pre–defined number of

iterations, the block is accepted, otherwise a list decoder is invoked and a list of L probable paths

is produced.  The algorithm used is similar to the soft list Viterbi algorithm (SLVA) presented in

[8].

In order to reduce the computational complexity of the turbo decoder, an early detection

method was presented in [9].  Based on a confidence criteria, some information symbols, state

variables and parity symbols are detected early on during decoding.  This early detection allows

sections to be removed from the constituent trellises, resulting in spliced trellises that can be

decoded faster and with a lower computational effort.

A reduced–search MAP algorithm was used in [10] where a reduction in computational

complexity is achieved based on a threshold scheme.  This scheme uses only the state metrics that

are above a certain threshold in computing the bit estimates.  However, the variable

computational effort required might present difficulties for hardware implementation.

Given the principles of iterative decoding presented in [4, 11, 12], the detailed

implementation of an iterative rate 1/2 decoder is described in Figure 2.3.  This represents only

one iteration of the decoding process.  The whole block can be repeated for the number of desired

iterations (less than 10 usually).

For an AWGN channel xk and yk represent the received noisy values of Xk and Yk,

respectively, which are scaled by the reliability value of the channel, Lc� 4
Es
N0

 where Es/N0 is

the SNR.  For example, if the binary Xk is transmmited, the xk value used by the decoder is:

xk� 4
Es
N0

(1� 2Xk� nk)    (1)

where nk is the noise sample at time k.

A turbo decoder starts by first decoding the data transmitted by Xk and Y�k .   The input to

the first decoder must then be xk and y�k , the punctured version of yk.
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Figure 2.3 shows the inputs to the first decoder (DEC�) as xk� L�a (dk) and y�k .  The

input L�a (dk) represents the a priori information about the transmitted information bit dk.  In the

first decoding stage, we know nothing about dk, and so L�a (dk) is set to zero.   A positive value of

L�a (dk) would indicate that dk = 0 was likely to have been transmitted, while a negative value of

L�a (dk) would indicate that dk = 1 was likely to have been transmitted.

It can be shown that the output of DEC� is equal to

L(dj)� xj� L�a (dj)� L�e (dj) (2)

where the subscript j = k – D, D is the delay of the decoder and L�e (dj) is the extrinsic information

of dj.  We can think of L�e (dj) being a correction term produced by the decoder to correct any

errors on the channel.

In Figure 2.3 we see that L�a (dj) is subtracted from L(dj) to give xj� L�e (dj). Since

L�a (dj)� 0  for the first iteration, this has no effect on later decodings, but as will be explained

later, this is a very important computation.

xk� L�a (dk)

�

L(dh)

INT

xk

yk

L(dj)

delay �

L�a (dk)

y�k

DEC�
DEC|

d
^

h
d
^

k��

+

_

+
_

DEINT

DEINT

xk–�

yk–�

�

+

+

L�a (dj)

xj� L�e (dj)

L |
e(dh) L |

e(dk��)

xh� L |
a(dh)

y|
k

delayD
delayD
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Figure 2.3: Rate 1/2 turbo decoder.

�

We now come to a very important block of a turbo decoder, the interleaver.  A normal

decoder will try to find the closest code sequence to the received noisy sequence that minimises

some probability of error criteria.  A good code has its code sequences separated by a large

number of bits.  Thus, it takes a large amount of noise in a short period of time to cause a decoder

to make an error.  Therefore, a decoder will produce its errors in bursts, instead of randomly as in

an AWGN channel.  The interleaver is used to randomise the burst errors from DEC�.  The larger
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the interleaver, the better that the error bursts can be de–correlated.  After interleaving, the data

becomes xi� L�e (di) which now corresponds to the data that is input to DEC|.

The extrinsic information from the first decoder can be thought of a priori information for

the second decoder.  So we let L�e (di)� L |
a(di) and feed in xi� L |

a(di) and  y|
k, the punctured

version of yk corresponding to Y|
k, in DEC|.  The output of DEC| is

L(dh)� xh� L |
a(dh)� L |

e(dh) (3)

where h = i – D and L |
e(dh) is the new extrinsic information provided by DEC|.  We can make a

hard decision on L(dh) and output the decoded data.  Since dh has been interleaved, a

deinterleaver is required to provide the corrected data in the correct order.  Since xi� L |
a(di) has

fewer errors than xi alone, DEC| is able to correct more errors using the information from y|
k.

We can now use the new information from DEC| and feed it into the next DEC�.  To do this

we want to obtain the a priori information from L(dh).  We see from Figure 2.3 that we subtract

xh� L |
a(dh) from L(dh) to leave only L |

e(dh). We then deinterleave L |
e(dh) to form

L |
e(dk��)� L�a (dk��) where � is the total delay of DEC�, DEC|, INT and DEINT. L�a (dk��)

then becomes the a priori information for the next DEC�and the decoding process starts over

again.

Note that we do not include L |
a(dh)� L�e (di�D) in L�a (dk��). This is because after

deinterleaving,  L�e (di�D) becomes L�e (dk��).  Thus any error bursts in L�e (dk��) would now

reappear which we should avoid feeding into DEC�.  However, any error bursts in L |
e(dh) will be

de–correlated by DEINT.  This is also the reason why we subtract L�a (dj) from L(dj) (since INT

will re–correlate the error bursts in L�a (dj)).

The above process is iterated many times until eventually all the errors are corrected, or

there remains an error pattern that can not be corrected, despite the interleaving and

deinterleaving processes.
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3  Performance of turbo codes
The performance of turbo codes depends on the interleaver size, the interleaver design, the

constituent codes, and the number of decoder iterations.  The larger the interleaver size, the lower

the bit error ratio which can be achieved.  Since increasing the interleaver size increases the

encoding and decoding delay, to achieve the best performance from a turbo code requires a large

corresponding delay.  However, even for small delays which imply small interleaver sizes, their

performance is still better than any other conventional codes of similar complexity.  We compare

the performance of turbo codes for different interleaver sizes and different number of iterations

with the performance of the industry standard rate 1/2, constraint length (K) seven,  convolutional

code [13], labelled as “cc” in Figures 3.1 and 3.2.  In all simulations, the maximum a posteriori

(MAP) algorithm was used [3].  We also used S–type interleavers as described in Section 4.7 of

Part I.  Because PCCC schemes (Figure 3.2 of Part I) achieve better BER at low SNR than other

code structures, we show mainly results for these type of codes.

Figure 3.1 shows the performance of a 16 state rate 1/2 turbo codes for up to 8 iterations that

we simulated for an interleaver of 200 bits.

Figure 3.1: BER for rate 1/2 turbo codes, 200 bit interleaver,
QPSK modulation, AWGN channel.
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This size is close to the short frame sizes required in GSM (189 bits) or Digital Cellular

System, DCS1800, (192 bits) and is limited by the maximum acceptable delay in the system.  The

two bit error rates (BER) of interest are 4x10–2 for speech and 10–5 for data transmissions.  We can

see that turbo codes have a significant coding  gain for the above BERs when compared with the

performance of the industry standard convolutional code [14].

Figure 3.2 shows the performance of a 16 state rate 1/2 turbo codes that we simulated for an

interleaver of 2000 bits and QPSK modulation.  This size is suitable for applications which

require a delay of less than 100ms and bit rates of 64kbit/s.

Figure 3.2: BER for rate 1/2 turbo code, 2000 bit interleaver,
QPSK modulation, AWGN channel.
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For higher interleaver sizes the performance of turbo codes improves significantly.  Also,

the time to run the simulations increases to days and weeks.  Figure 3.3 shows the performance of

turbo codes for interleaver sizes of 16,384 and 65,536 bits [15, 16].  The BER curves are as

follows:

– R1: two 16 state rate 2/3 constituent codes used to construct a rate 1/2 turbo code,

12 iterations, 16,384 bits interleaver.

– R2: two 32 state rate 1/2 constituent codes used to construct a rate 1/2 turbo code,

differential encoding, 18 iterations, 16,384 bits interleaver.
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– R3: two 16 state rate 1/2 punctured constituent codes used to construct a rate 1/2

turbo code, 18 iterations, 256x256 bits interleaver.

Figure 3.3: BER for rate 1/2 turbo code, 16,348 (R1, R2) and
65,536 (R3) bit interleavers, QPSK modulation, AWGN channel.
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The best performance achieved with turbo codes so far is a BER lower than 10–5 at 0.35 dB

above the Shannon limit [17].   This is the highest coding gain ever achieved.

For 2 bit/symbol bandwidth efficiency, Figure 3.4 shows the performance of rate 1/2 turbo

codes we simulated (labelled “TC”) for an interleaver size of 4096 bits and 16QAM [18].  In this

case we compare the turbo code performance with the performance of trellis–coded modulation

(TCM) schemes as follow:

R1 = a rate 1/2 turbo code, 4096 bits interleaver, with 16QAM [19]

R2 = a rate 2/3 TCM 64 state with 8PSK [20]

R3 = a rate 1/2 TCM 64 state code with 4AM.
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Figure 3.4: BER for rate 1/2 turbo codes and TCM,
AWGN channel, 2 information bit/symbol.
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Figure 3.5 shows results for 16,384 bits interleaver size. We used the same code and

mapping as described in [18] for the curve labelled “TC”.  This code is compared against the

performance of turbo trellis–coded modulation (TTCM) schemes as described in [15].  The

curves are given for the following schemes:

– R1: TTCM, two 16 state rate 4/5 constituent codes used to construct a rate 2/3

turbo code, 8 iterations, 16,384 bits interleaver, 8PSK.

– R2: TTCM, two 16 state rate 2/3 constituent codes used to construct a rate 1/2

turbo code, 9 iterations, 16,384 bits interleaver, 16QAM.

Figure 3.5 clearly shows that turbo codes give excellent performance not only for

BPSK/QPSK modulations, but even for higher order modulations in order to achieve higher

bandwidth efficiencies.  The curve labelled “R3” is for a TTCM scheme using 64QAM

modulation.  Two 16 state rate 4/5 constituent codes were used to construct a rate 2/3 turbo code.

The results are for 10 iterations and 16,384 bits interleaver size.
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Figure 3.5: BER for higher order modulation schemes,
8PSK/16QAM/64QAM, 2/2/4 information bit/symbol, AWGN channel.
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For two dimensional turbo codes (two sets of parity data without puncturing), the BER is

proportional with N–1 where N is the interleaver size.  We can add a second interleaver and a third

encoder to produce a rate quarter code which is a three dimensional turbo code. Generalising, for

a D dimensional turbo code, the BER is proportional with N(1–D).  This formula is accurate for

large interleavers and high SNR values.

The simulation results for 16 state rate 1/3 and 1/4 turbo codes for 200 and 2000 bit

interleaver sizes in an AWGN channel are given in Figure 3.6.
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Figure 3.6: BER for rate 1/3 and rate 1/4 turbo codes
for 200 and 2000 bit interleaver, AWGN channel.
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For lower bandwidth efficiencies, as in the case of deep–space applications, the delay is not

important and therefore huge interleavers of 16,384 bits can be used with very small coding rates.

Figure 3.7 shows BER curves for rate 1/3 and 11 iterations, rate 1/4 and 13 iterations, rate 1/15 and

12 iterations [15].

Turbo codes also perform very well in a fading environment. The interleaver embedded in

the turbo encoder helps to recover data from small fades better than traditional convolutional

codes.  Turbo codes are currently being tested for mobile satellite/cellular channels.  The turbo

diversity combining scheme we described in [21] can be used to give better results than maximum

ratio combining of convolutional codes.  This scheme can transform a transmitted rate half turbo

code into a received rate third turbo code if both channels are received.
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Figure 3.7: BER for low rate turbo codes and 16,384 bits interleaver,
BPSK modulation, AWGN channel.
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4  Implementation complexity
The turbo encoder is equivalent to two convolutional encoders plus, a look–up table (LUT)

to store the interleaver addresses.  The turbo decoder includes two soft output decoders plus a

random access memory (RAM) for the interleaver/deinterleaver functions.  The soft output

decoders can be either soft output Viterbi decoders or MAP decoders. MAP decoders give 0.5 to

1.0 dB more coding gain than soft output Viterbi decoders and are approximately two times more

complex in number of equivalent computations.  All previous results were obtained using MAP

decoders.

For a DSP implementation we need to estimate the number of instructions needed per

decoded bit.  Considering the encoder memory � for each recursive systematic code, the total

number of instructions for the MAP algorithm can be estimated at 3� 2��1 per decoded bit.

Since the MAP algorithm is used twice in each iteration of the turbo decoding algorithm, the

required DSP speed (in instructions per second) is

fi� 3k� 2��2
� fb, (4)

where k is the number of iterations and fb is the required bit rate (in bit/s).
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The SOVA algorithm is considerably simpler than the MAP algorithm.  It is basically the

Viterbi algorithm with some small changes.  The largest change is in the add–compare–select

(ACS) circuit where the difference between path metrics into a state is calculated.  The difference

for each state is stored along with the path decision. Traceback occurs as normal with the absolute

difference used to indicate the reliability of a decoded bit.  A difference of zero indicates that the

bit is very unreliable, while a large value indicates a reliable value.

It is assumed that each instruction on the DSP chip can perform an addition or a subtraction.

Thus 2��1 instructions are required for the path metric computations and 2� instructions for the

subtraction.  The traceback involves reading the memory and logic shifting a register for each

decoded bit. It is assumed that this requires 2 instructions.  Each decoded bit will require this

operation to be performed twice, giving a total of 4 instructions.  The total number of instructions

per decoded bit is thus 3� 2�
� 4.

5  Decoder Delay
An important consideration is the decoder delay.  The dominant factor in this delay is the

interleaver.  Let f(i) be the interleaved address of the input i.  Then, it can be shown that the

minimum interleaver delay DI, can be made equal to

DI� max |i� f(i)| from i = 1 to N. (5)

It is usually possible to design a good interleaver such that DI = N/2.  For an encoder, the

delay will therefore be equal to N/2.  For low data rates, we let the receiver wait until a whole

block of data is received.  This causes an additional delay equal to N. Then, the decoder can

iteratively decode the received data while the next data block is arriving.  For an infinitely fast

processor, we could do this in zero time, implying a total delay equal to 1.5N.  More realistically

we would spread the processing load while receiving the next block so that the delay would be

equal to 2.5N.

For higher data rates, decoding must be done in pipeline. The total delay would then be

equal to

DP� 2Ni(DD� DI) (6)

where Ni is the number of iterations and DD is the decoder delay.  The decoder delay can be

significantly reduced to a few hundred bits by using a continuous decoding algorithm [4, 11, 22].
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As can be seen from the above equation, the total bit delay can be quite large.  However, since the

data rate is high, the corresponding time delay can be made very small.

6  Examples of turbo decoders
The first commercially available turbo decoder chip was produced in association with the

inventor of turbo codes, Claude Berrou [23].  The rate 1/2 decoder implements five eight state

SOVA decoders in parallel (2.5 iterations), and four 32x32=1024 bit interleavers/deinterleavers

to achieve 40 Mbit/s and a delay of 2318 bits. A BER of 10–5 is achieved at an Eb/N0 = 2.7 dB.

A single iteration of two state SOVA decoders in parallel with 64x32=2048 bit

interleaver/deinterleaver was later implemented in the “turbo4” chip [24].  This single iteration

has a delay of 2178 bits and achieves a BER of 10–5 at an Eb/N0 = 2.1 dB for three iterations and

rate 1/2.

A flexible turbo decoder that is programmable down to rate 1/7, from 4 to 512 states, and

interleaver sizes up to 65,536 bits was developed at ITR using Xilinx XC3000 field

programmable gate arrays (FPGA) [25].  For 16 state codes, a decoder speed up to 356 kbit/s was

achieved.  With seven iterations in parallel the decoder obtained an Eb/N0 of 0.32 dB and –0.30

dB at rates 1/3 and 1/7, respectively.  Each decoder iteration was implemented on a 6U size card.

Another turbo decoder using Actel FPGAs has been implemented by Jet Propulsion

Laboratory [26].  This decoder operates down to rate 1/10, up to 64 states, and interleaver sizes to

65,536 bits.  Like the decoder in [25], the log–MAP [4, 27] algorithm is used.

Although not a turbo decoder, a 16 state MAP decoder implemented in a single Xilinx

XC4000 FPGA is available from [28].  This is a continuous log–MAP decoder with a maximum

delay of 257 bits and decoding speeds up to 1.6 Mbit/s.  The decoder provides soft–inputs and

outputs that allow it to be used in a turbo decoder if desired.

Recently, ITR designed a flexible turbo decoder in VHDL using a single Altera FPGA [18].

VHDL is an acronym that stands for VHSIC Hardware Description Language.  VHSIC is another

acronym which stands for Very High Speed Integrated Circuits.  The whole turbo decoder fits on a

mezzanine card as shown in Figure 6.1.

The card can fit on any DSP board which has a PMC slot and two fast 4 bit serial ports for

data transfer.  One single card can run all required number of iterations, or can run a single MAP
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decoder (half of an iteration) and be connected in a daisy chain with other cards to increase the

decoding speed.  A typical MAP decoding speed is 800 ns/bit, that is an information data rate of

1.25 Mbit/s.

Figure 6.1: Turbo decoder card

The turbo decoder card can be mounted on a DSP card as shown in Figure 6.2.

The DSP card can implement all modulator and demodulator functions at baseband.  An IF

card can be used to translate the signal from baseband to the required intermediate frequency and
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vice–versa.  Both the DSP and IF cards can be controlled via the PCI bus of a PC.  A user–friendly

graphical interface is used to set up the modem parameters and monitor its performance.

Figure 6.2: DSP Card with mezzanine turbo decoder card

7  Conclusions
The recent developments in the area of turbo codes for AWGN and fading channels showed

the great potential of this new coding technique in achieving communications at very low values

of Eb/N0.  The performance of turbo codes depends on the interleaver design which is embedded

in the turbo encoder.  A larger interleaver size, which means a longer decoding delay, gives a
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lower bit error rate.  Due to their excellent performance, it is expected that turbo codes will

become the standard coding technique by the end of this millennium.
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