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Abstract

Thisis a tutorial paper meant to introduce the reader to the new concept of turbo codes. This
is a new and very powerful error correction technique which outperforms all previous known
codingschemes. Itan be used in any communication system where a significant power saving is
requiredor the operating signalttotnoise ratio is very. ID&ep space communications, mobile
satellite/cellularcommunications, microwave links, paging, etc., are some of the possible
applicationsof this revolutionary coding technique.

Part| of the paper discusses the history of turbo codes, why they &seediffrom
traditional convolutional/block codes, turbo encoder structuses issues related to the
interleaverdesign.

Partll will addressthe turbo decoder architecture, the achievable performance for turbo
codesfor a wide range of coding rates and modulation techniques, and will discuss delay and

Implementationssues.

1 Introduction
Increasingdemand for information exchange is a characteristic of modern civilisation. The

transferof information from the source to its destination has tddoree in such a way that the

guality of the received information should be as close as possible to the quality of the transmitted



information. A typical communication system méag represented by the block diagram shown

in Figure 1.1.
Information Source Error Control
Source Encoder Encrypter Encoder Modulator
Channel
Information Source Error Control
Sink Decoder Decrypter Decoder Demodulator

Figurel.1l: A block diagram of a communication system.

Theinformationto be transmitted can be machine generatay, (mages, computer data)
or human generate@.g, speech). Regardless of its source, the information must be translated
into a set of signals optimised for the channel over which we teas@nd it. The first step is to
eliminatethe redundant part in order to maximise the information transmission rate. This is
achievedby the source encoder block in Figure 1.1. In order to ensure the secrecy of the
informationwe want to transmit, an encryption scheme must be used. The data must also be
protectedagainst perturbations introduced twe communication channel which could lead to
misinterpretationof the transmitted message at the receiving end. This protection can be
achievedthrough error control strategies: forward error correction (FEC), i.e., using error
correctingcodes that are able to correct errors at the receiving end, or automatic repeat request
(ARQ) systems. The modulatblock generates a signal suitable for the transmission channel.

In this tutorial paper we discuss teegor control aspects of a communication system. From
codingtheory [1], it is known that by increasing the codeword length or the encoder memory
greaterprotection, or coding gain, can be achieved. At the sangethe complexity of typical
decodingalgorithm such as maximum likelihood decoding algorithms (MLDA) increases
exponentiallywith the encoder memory and the algorithms beconfiewifto implement. The
increasecerror correction capability of long codes requires a very high computatidordlagfthe
decoder This has led to research for new codsaemes which could replace the MLDA with

simplerdecoding strategies.



Thesestrategies combine simpler codes in such a way that allows each code to be decoded
separatelyvith less complex decoders. By using softtintsofttout (SISO) decoders, information
can be passed from one decoder to the next in an iterative fashion. This is a
adividexandxconquerstrategy which in an iterative process can approach the performance of the
MLDA.

Encodingtechniques used in conjunction with iterative decoding combifereiit codes
in such a way that each of them can be decoded independ&vlynclude in this category
productblock codes [2], concatenated codes [3], multilevel codes [4, 5, 6], and, most importantly
turbo codes [7]. The common feature of all these techniques is that decoding can be done
sequentiallyusing one decoder at a timee(, after one code is decoded another decoder is used
for the next code, and so on). This is a necessary contbitieimpler decoding algorithms to
replacethe MLDA.

The structure of this paper is as follows. Section 2 presents the historical evolution of the
concepton which turbo codes are built and summarises tifieréifces between turbo codes and
convolutional codes. Section 3 deals with tle®coding process: d#rent turbo encoder
structuredased on convolutional codes are given in Section 3.1, block turboindsiestion 3.2
andturbo trellis coded modulation (TTCM) in Section 3.3. Section 4 addresseddtieaver

design.

2 Why turbo codes?

Historically, product codegepresented the first attempt at achieving a higher error
correctioncapability withoutthe decoding complexity required by long codes. Unfortunately
the alternative decoding of the componesddes did not produce the improvements in
performanceas expected, even though the error correction power of the product code increased as
awhole. This was mostly due to the hard+inthard+out (HIHO) decoding algorithms that were
traditionally used. There is one exception, the work on lowzdensity parityzcheck codes by
Gallager[8] which was rediscovered after thirty years with the advent of turbo codes. It should be
mentionedhat Gallager used singleterror detecting parity+check codesvorkavas extended

recently[9] to singlexerror correcting Hamming codes with very promising results.



Betterresults tharior block codes were obtained with concatenated codes. The component
codesare called the inner and the outer codes. First, the decoding is deaetianner code
vector The decoded bits are then decoded again according to the outer code used [3].

Multilevel coding uses several errortcorrecticgdes with diierent error correcting
capabilities. The transmitted symbols are constructed by combining symbols of codewords of
thesecodes.In [5], a staged decoder for a multilevel partition code passes reliability information
only in one direction, from the first decoding stage through intermediate stages to the last one.

The new clas®f turbo codes encodes the same information twice, but ifieeit order
The more 2scrambled® the information sequenise for the second encodethe more
auncorrelated®he information exchange is between the decoders. This is one of tide&ey
that allows a continuousmprovement in correction capability when the decoding process is
iterated.

In the traditional approach, the demodulator block from Figure 1.1 naakesd® decision
of the received symbol anghsses it to the error control decoder block. This is equivalent to
decidingwhich of two logical values + s&yand 1 + was transmitted. No information was passed
abouthow reliable the hard decision was. Better results are obtained when the quantised analogue
receivedsignal was passed directly to the decoder

Thisled to the development of 2sofifiput decoding algorithms. This was the best solution
if only one code was used. For the same reason, in the case of combining more codes as explained
above,new SISO algorithms were developed in order to pass more information from the output of
onedecoder to the input of the next decoder

Soft output decision algorithms provide as an output a real number which is a nadasure
the probability of error in decoding a particular bit. This can also be interpreted as a measure of
thereliability of the decodes hard decision. This extra information is very important fonthe
stagein an iterative decoding process, as will be shown. lateere are two important categories
of soft output decision algorithms. Thiest category includes the maximum likelihood decoding
algorithmswhich minimise the probability of symbol err@uch as thenaximum a posteriori

(MAP) algorithm [10, 1]. The second category includes the maximum likelihood decoding



algorithmswhich minimise the probability of word or sequence ersoch as the itérbi
algorithm[12] or soft output Yerbi algorithm (SOW) [13].

The inner codes primary function is to change the distribution of errors andi¢atafely
increase the signal to noise ratio of the received signal. The inner decoder can be thought of as a
noisefilter. It can be shown that the channel capacity disaretexinput realtoutput memoryless
channelCgyt) is greatethan that for a discretexinput discretetoutput (hard output) memoryless
channel(Charg) [14, 15] (see Figure 2.1).

The most important conclusion from Figure 2.1 is that;ds greater than (gq by
approximately2 dB at low signal to noise ratios. This is the main reason for using soft output

algorithms.
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Figure 2.1: Gyt and Gyag @s a function of signalttoxnoise ratio (SNR).

Iterative decoding relieson a link between soft output decision algorithms, special
encodingand information transfer techniques. Since the early $98@®se concepts have been
combinedto create more powerful decoders. The link between the three created a new powerful
decoding technique and led to the appearance of turbo codes, which pesigble
communicationyery close to channel capacity

The definition of turbo codes was given for the first time in [7]. They represent a particular

classof parallel concatenation of two recursive systematic convolutional codes. Since then, the



term 2turbo codes® has been extendedifferent concatenation schemes as explained in the
following section.

Thereare a few diierences between the behaviour of turbo codes and convolutional codes.
It is well known that the performance of convolutional codes improves with increasing constraint
length(a measure of code complexity) as shown in Figure 2.2. This is not thieicasb®o codes:
the best constituent codes of turbo codes have a very small constraint length as will be seen in Part
Il in the Section 3 on performance.
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Figure 2.2: Convolutional code performance.

The performance of convolutional codes does not improve significantlydeitheasing
coderate asshown by the bounds in Figure 2.2.. Théedénce between rate 1/3 and rate 1/128 is
of the order of a few tenths ohe dB for convolutional codes. As we shall show Jatebo codes,
achievea very significant coding gain for lower coding rates.

Practicalsystems typically employ code rates between 1/2 and 1/6. For systems of this type

Table2.1 shows the #Ng (the SNR per information bit) required to achieve ahior rate (BER)



of 10*6 as a function of coding ratéor both turbo codes (10,000 bit interleaver size) and

convolutionalcodes [16, 17].

Table 2.1: /Ng required to achieve a BER =*Gor convolutional codes (CC) and turbo

codes (TC).
Coding rate Ey/No [dB] Ew/Ng difference [dB]
CcC TC CcC TC
1/2 4.80 0.98 0.00 0.00
1/3 4.49 0.37 0.31 0.61
1/4 4.37 0.13 0.43 0.85
1/6 4.28 +0.12 0.52 1.10

As can be seen fromable 2.1, the turbo codes,ig difference is about twice the
convolutionalcodes' E/Ng difference. Thus it can be concluded that lower rate turbo codes
providesignificantly more coding gain than lower rate convolutional codes.

Fromthe implementation point of viewecursive encoders and soft output decodess
essentialn a turbo code scheme, whereas they do not matter for convolutional codes except in a
concatenatedonfiguration.

Therefore the most important dérences between convolutional codes and turbo codes

may be summarised inable 2.2.

Table 2.2: Comparison between convolutional codes (CC) and turbo codes (TC).

Criteria CcC TC
Larger constraint length Good Bad
Larger free distance Good indifferent
Lower coding rate indifferent Good
Recursive encoders indifferent Good
Soft output decoders indifferent Good
3 Encoding

3.1 Turbo Code Structures
In Figure 3.1 we present a generic turbo encoder in two dimensions. The input sequence of

the information bits is ganised in blocks of length N. The first blawkdata will be encoded by



the ENC block which is a rate half recursive systematic encodene same block of

informationbits is interleaved by the interleaver INIhd encoded bENC! which isalso a rate
half systematic recursive encodeilhe coded biproduced by the encoder is the output of each

encodemlock.
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Figure 3.1: Generic rate 1/3 turbo encoder

Due to similarities with product codes, we can call #¥C block the encoder ithe

ahorizontal® dimension and théENC! block the encoder in the 2vertical® dimensidFhe
interleaverblock, INT, rearranges the order of the information bits for inputhe second
encoder The main purpose of the interleaver is to increase the minimum distancdwbithe
codesuch that after correction in odanension the remaining errors should become correctable
error patterns in the second dimension.

Ignoring for the moment the delay for each block, we assume both encoders output data

simultaneously This is a rate 1/3 turbo code, the output of the turbo entedsy the triplet

(X, Yk ,YL). This triplet is then modulated for transmission across the communication channel,
which for the purpose of this papes assumed to be additive white Gaussian N@8¢GN)
channel. Since the code is systematiz, X, is the input data at timle Y andYL are the

two parity bits at timek.

Thetwo encoders do not have to be identical. In Figure 3.1 the two encoders ar2 rate
systematicencoders with only the parityit shown. The parity bits can be 2punctured® as in
Figure3.2 where puncturing implemented by a multiplexing switch in order to obtain higher

codingrates.



A rate 1/2 turbo code can be implemented by alternatively selecting the outputs of the two
encodersn order to produce the following output sequence:

(XlaYl aX21Y|2aX3!Y3 1X4aY|4 )

D
The symbo represents a D fliptflop (the clock is not shown) and the sy@ol

representan exclusivezOR gate.

INT

|
Y k

Figure 3.2: A rate half turbo code.

Figure 3.2 shows a particular implementation of a two dimensional turbo code using
recursive systematic codes (RSC). Lower codirgjes can be achieved using either less
puncturingor more interleaver and encoder blocks as shovAgure 3.3 for am+dimensional
turbocode. The advantage of using more interleavers will become clear in Part Il which presents

the performance of low rate turbo codes.
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Figure 3.3: Low rate turbo encoder

Theturbo code presented in [7], achieved a BER* Within 0.7 dB of Shannon capacity
[18]. The basic turbo encoder has two constituent convolutional encoders separated by a random
interleaver This structure iscalled the parallel concatenated convolutional code (PCCC)
structuresince the sam@formation stream is encoded twice, in parallel, using the straight and
interleavedsequences of the information bits.

An obvious alternative is to interleave the output of one encoder and rexencode it again.
This is called the serial concatenated convolutional code (S€@{€ure. This structure has
beenproposed in [19, 20, 21]. Any other possible combination of PCCC and SCCC can be used.
Onepatrticular structure defined in [23, 24hs labelled as a hybrid concatenated convolutional

code(HCCC) structure. A brief description of these code structures is given.below

3.1.1 PCCC structures
Thefirst commercial communication system that used turbo codes [25, 26] was designed at

the Institute for Elecommunications Research (ITR). It was based on a PCCC structure as shown
in Figure 3.1.

The PCCC encoder structure was described above. The first turbo codec chip [27] used a
ratehalf PCCC structure. This structure was attilme and still is the most powefrfiefent code
structurefor a tageted BER greater than*fQunder specific system constraints.

However for much lower BER requirements, liket1®for data transmissions, the PCCC
structuremight not be the optimum solution. Based on analytical studies [28] and from our

experiencan implementing PCCC in hardware and software [26, 28hange in the slope of the
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BER curve appears f@ER < 1&’. The slope is a function of the interleaver size and interleaver

design. This is discussed in Section 1 Part Il.

3.1.2 SCCCstructures
An alternative to PCCC is the SCCC structure. An example of a rate 1/3 SCCC is shown in

Figure3.4. Using the concept of a 2uniform interleaver® (see Section 4.8) it was shown in [20, 21]
thatthere is a great ddrence in the interleaver gain between PCCC and SCCC structures. For

PCCCstructures the interleaver gain is defined by a multiplication factofbir\the BER

do i
bound.For SCCC structures, the interleaver gain is definedklbyT1 where ¢ is the free
distanceof the outer code (e.g., encoder 1 in Figure 3.4). For example, for an outer code with free

distanced, = 5, the interleaver gain is*N

data
Encodet | 5 | | Encodet [——®
™ Rate1/2 —» N —» Rae23 [

Figure 3.4: Serial concatenated convolutional encoder

Theresults from [21] show a coding gain of the order of 2 dB for the serial scheméever
parallelscheme at a BER of 38 for the codes considered.

Performanceof serial and parallel concatenated convolutional schemesitettitive
decodingtechniques for diérent interleaver designs were investigated in [21, E&jure 3.5
showsinitial results obtained for the parallel aserial concatenated schemes, respectibalsed
oninner and outer convolutional codes, and 8 iterations.

For the parallel concatenated scheme illustrated in Figure 3.5, both the inner and outer
codesare identical rate 2/3 16 state RSC codes. For the serial concatenated #uhentey code
is the same RSC code as used in the parallel scheme, while the inner Zoale 3/4 16 state RSC
code. Serial and paralldchemes having the same delay (60, 600, 6000) are compared. It is
characteristidor PCCC schemes to perform better than SCCC schemes at low SNRs. However
increasing the SNR, SCCC schemoegperformPCCC schemes. The crosstover point depends

onthe interleaver size and interleaver design.
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Figure 3.5: PCCC and SCCC comparison.

3.1.3 HCCC structures
A further alternative code structure is the recently reported hybrid schemeTR3].

schemeis a combination of serial and parallel concatenation and nfay pérformance
advantagesver either PCCC or SCCC structures. A HCCC structure is shown in Figure 3.6.
As for the SCCC structures, the interleaver gain for the HCCC depends on the free distance
of the outer code in the serial concatenation part of the HCCC (i.e., Ehao&éaure 3.6).The
multiplicationfactor isN % for the BER bound, wherg, s the free distance of the outer code.

Thereforethe HCCC structure is a further improvement on the SCCC structure.

™ INT2 —® Encode? | g

data
—— 1 Encodet —® INT! [——®1 Encodef >

Figure 3.6: Hybrid concatenated convolutional encoder
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We are currently investigating the possibility of other hybrid scheamésoptimising the

constituentcodes.

3.2 Block T urbo Codes
Iterativedecoding of two concatenated block codes was introduced in [30 + 32]. The same

structuresas described in the previous section can be applied to block codes.

Block turbo codes are suitable for high code rates, typically with rates greater than 0.7, for
systemsthat require high spectralfieiencies. Their performance does not depend on the
interleaverdesign [33, 14] because the rows and columns of concatenated block codes are
independent.Random interleaving of data bits does not produgesignificant improvement.
Serialconcatenation is shown to be morgogént than parallel concatenation at low BER.

Resultsfrom [31] and [34] conclude that for spectrdi@éncies greater than 4 bits/s/Hz,
block turbo coded quadrature amplitude modulation (QAM) systems outperform convolutional
codedturbo coded QAM. The performance improvements of block cbdsdd turbo codes
applied to quadrature phase shift keying (QPSK) is not as great as that ofiaib@QAM.

Another interesting observation from [34] is that block turbo codes using 16QAMare
degradedn performance when the input data is quantised to only 4 bits, unlike convolutional
basedurbo codes which exhibit a minimum degradatwd©.5 dB. The product codes used in

[31] and [34] were generated using identical BosexChaudhuritHocquenghem (BCH) codes
(C1=C).

Similarly, [35] reports the performance of a sub+optimum iterative decoding algorithm for
two dimensional product codes using Reed+Solomon (RS) [9, 15] codes and a Hamming (7,4)
code. The resultant minimum Hamming distance is 147 and the code rate is 0.2. Results indicate
thata BER of 18% would be possible at arpfilg of 2.5 dB.

Oneadvantage of using block codes is that error detection can be performed after iterative
decodingwithout using additional check bits for error detection. This solution is attractive for
smalldata block time division multiple access (TDMA) systems with high code rateshard
ARQ systems are in place.

As an example of the performance that can be achieved with toldik codes, a (512, 502,

4)2 BCH code achieved a BER <*P(at 0.8 dB and 0.45 dB from Shanriimit after four

13



iterationsand forty iterations, respectively [33]. Titerative decoding process is similar to turbo
codes.

A comparison is made in [21] between parallel concatenated block codes (PCBC) using

systematicyclic codes and serial concatenated block codes (SCBC) using Hamming and BCH

codes.The SCBCs perform better than PCBCs, but significantly worse than the equivalent

structuredbased on convolutional codes.

3.3 Turbo TCM

The body of knowledge of turbo code has been expanded to encompass trellis coded
modulationconceptg36, 37]. Tellis coded modulation (TCM) can be applied to both PCCC
[37] and SCCC [22].Turbo trellis coded modulation (TTCM) only performs giaally better
thana Gray coded QAM structure with rate 1/2 turbo coding in\WGAl channel. This is shown

graphicallyin Figure 3.7where a turbo TCM 16QAM structure [38] is compared to a rate 1/2
turbo code with 16QAM [39].

TC_B23_F35 rate 1/2 16QAM, N=32768 bits, 8 iterations
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Figure 3.7: BER for 32,768 bits interleaver sizéy@N channel.

Theturbo TCMtransmitter and receiver are more complicated to implement than the much

simpler16QAM scheme with the rate 1/2 turbo decoder proposed in [39].
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TTCM structures have also been proposed in [36]. Thé&r aihnprovements over
conventionalfCM techniques. The same authors investigated in [40] TTCM schemes for 8PSK,
16QAM and 64QAM modulation schemes with varying overall bandwidibiericies. The
simulationresults are only for BER higher thantf@@nd show an 2error floor® that can not be

loweredbelow the 1&° threshold.

4 Interleaving
Theinterleaver design is a key factor which determines the good performance of a turbo

code. Some interleaver types used in turbo codes are presented in the following sections.

4.1 @RowxColumn?® interleaver
The simplest interleaver is anemory in which data is written rowzwise and read

columnzwise. This is called a 2rowzcolumn® interleaver and belongs to the class of 2block®

interleavers.For example, data is written as shown abl€ 4.1.

Table 4.1: Witing data row+wise in memary

X1 X2 X3
X4 X5 X6
X7 X8 X9
X10 X11 X12
X13 X14 X15
X16 X17 X18
X19 X20 X21

The interleaving process consists in reading data as shovable 4.2.

Table 4.2: Reading data columnzwise from memory

X1 X4 X7 | X10 | X213 | X16 | X19 | X2 X5 Xg | X1 | X14

A few interesting constructions for other block interleavers are given below

4.2 2Helical® interleaver
A 2helical® interleaver writes data rowtwise as able 4.1 but reads data diagonaltwise as

shownin Table 4.3.

Table 4.3: Reading data diagonaltwise from memory

X19 | X17 | X15 | X10 | X8 X6 X1 | X20 | X18 | X213 | X11 | Xo

15



4.3 20ddzeven? interleaver
We found that for a rate half encoder as shown in Figure 3.2, a particular type of interleaver

called®odd+even®, gives significant improvements when used in a emboder design [41].
Let us assume that we have a random sequence of binary data input to a rate one half systematic

encoderand we store only the odd+positioned coded bits, as shovabia Z.4.

Table 4.4: Odd+positioned coded bits.

X1 X2 X3 X4 X5 X6 X7 X8 X9 [ X10 | X11 | X12 | X13 | X14 | X15
Y1 Y3 Y5 T |ly7 T | Yo T [y | £ [VYi3

I+
I+
I+

Y15

If we were now to interleave the same sequence of binary data in a pseudotrandom order

encodet and store the evenzpositioned coded bits, the result would be adedT5.

Table 4.5: Evenzpositioned coded bits.

Xa Xb Xc Xd Xe Xf Xg Xh Xj X| Xk X] Xm Xn Xo

I+
I+
I+
I+

Zy Zn

Z4 + Zf + Zn + Zj + Z

The data which is actually sent through the channel is showahie®.6; the original
sequencef information bits x i = 1,... 15 as indble 4.4 and a multiplexed sequence of the odd+

andevenzpositioned coded bits frorables 4.4 and 4.5.

Table 4.6: The output for a pseudozrandom interleaver

X1 X2 X3 | X4 X5 | X6 X7 X8 X9 [ X10 | X11 | X12 | X13 | X14 | X15
Yi | Zo | Y3 | Zd | Y5 | Z [ Y7 | Zan | Yo | 4 |Y1 | 4 |Y13 | Zn | Y15

In Table 4.4 all the odd+positioned information Iigsve their own coded bit. Due to the
pseudoxzrandomway of interleaving, some of the coded bits storedahld 4.5 can be for
evenzpositionethformation bits and somfer odd+positioned information bits. This means that
someof the information bits will have two coded bits associated with them and others will have no
codedbit associated with them. Thus, the coding paweot uniformly distributed across all the
bits. So for errors which &ct information bits not associated with any coded bit the decoder will

performworse in both dimensions.
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An example of an 2odd+evem§pe of interleaver is a block interleaver with an odd number
of rows and an odd number of columns asabl& 4.7, in which we store rowtwise the sequence

of random data.

Table 4.7: 3x5 block interleaver

X1 X2 X3 X4 X5
X6 X7 X8 X9 X10
X11 X12 X13 X14 X15

We produce the coded bits and store only the oddxpositioned coded bitsaleid 7.

Now we read columntwise, encode and store the evenzpositioned coded bitalds Hh8l

Table 4.8: Evenzpositioned coded bits.

X1 X6 X12 | X3 Xg | X13 | X4 X9

Z12 + Zg + Z4 +

X11 | X2 X7
Vi) +

X10 | X15

7210

X14 | X5

I+
I+

Z6

I+
I+

Z14

In Table 4.8 all the evenztpositioned informatiots have their own coded bit present and in
Table 4.4 all the odd information bits have their own coded bit present as well. When we multiplex
the coded bits from bothable 4.4 and 8ble 4.8 we produce the coded sequence aahile™®.9.

This means that eaadf the information bits will have its own associate coded bit associated with

it. Thus the coding power is now uniformly distributed.

Table 4.9: Information bits and multiplexed coded bits for an @odd+even® interleaver

X1 X2 X3 X4 X5 X6 X7 X8 X9
Y1 | 26 | Y3 | 22 | ¥5

X15
Y15

X14
210

X13
Y13

X12
234

X11
Y11

X10
212 | Y7 Z3 Y9 Z4

The interleaver showed irable 4.1 is also an 2odd+even® interleaver

4.4 aSimile° interleaver
In Section 4.3 we introduced an 2odd+even® type of interleaver where each inforbigation

is associated with one amly one coded bit. In this way the correction capability of the code is
uniformly distributed over all information bits. &/now impose anotheestriction on the
interleaverdesign: after encoding both sequenoésnformation bits, (the original and the

interleavedone), the state of both encoders of the turbo eoeléo be the same. This allows only

17



one?tail® to be appended to the information bits, which drives both encoders to the same zero
state.This is why we called it asimile® type of interleaver [42].
Theidea behind the simile interleaver is that the whole block of N information bits can be
dividedin + 1 sequences, wheras the memory length of the code. Fok 2, we get:
Sequence 0 ={dkmod +1)=0}
Sequence 1 ={dkmod +1)=1}
Sequence 2 ={dkmod +1)=2}

For example, consider the particular four state encoder shown in Figure 4.1.

>
Xk

_|_

d

Yk

Figure 4.1: A four state systematic convolutional encoder

Fora given N, the final state of the encoder represented by the state of the two D flip£flops

will be a combination of the above sequences as shovablie Z.10.

Table 4.10: Final encoder state for 2 for N information bits.

N mod ( +1) SN Sln
0 Sequencel + Sequence? Sequence0 + Sequencel
1 Sequence?2 + Sequenced Sequencel + Sequence?2
2 Sequence0 + Sequencell Sequence2 + Sequence0

Theimportantconclusion is that from the point of view of the final encoder state, the order
of the individual bits in each sequence does not mattefong as they belong to the same
sequenceThe simile interleaver has to perform the interleaving of the bits within each particular
sequencén order to drive the encoder to the same state as that which occurs witedegaving.

Sinceboth encoders end in the same state, we aelydone tail to drive both encoders to state

zeroat the same time.
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The above interleaver types can be combined in a single interledreexample of a
asimile odd+even® block helical interleaver that can be used with the four state RSC encoder

givenin Figure 4.1 is shown inable 4.1.

Table 4.1: Simile odd+even block helical interleaver

X1 X2 X3 X4 X5 X6
X7 X8 X9 X10 X11 X12
X13 X14 X15 X16 X17 X18
X19 X20 X21 X22 X23 X24
X25 X26 X27 X28 X29 X30

Part of the interleaved sequence is showrainld 4.12.

Table 4.12: The output of a simile oddteven block helical interleaver

X25 | X20 [ X15 | X10 | X5 [ X30 [ X19 [ X14 | X9 [ X4 [X29 | X24 | X13 [ Xg [ X3 | X2s | X23 | X18 | X7

jmod3|{1(2f(0f1(2|0|2|2|0]|1|2|0|1|2(0f1|2]|0]|1

4.5 aFrame?® interleaver
If the simile interleaver uses only one tail to drive both encoders to the saméhstate,

aframe® interleaver does not use atayl at all, but puts more constraints on the interleaver design
[43]. Each RSC encoder can be characteriseddsnarator polynomial of period L [43]. In this
casethe N information bits to be interleaved are stored twice in a memory of size 2N, at addresses
suchthat their subsequent reading for encoding is timexseparated by a number of periods which is
amultiple of L. In this wayif the encoder started in state zero, it will end in state zero without the

needof any tail bits.

4.6 Pseudozrandom interleavers
Thesepseudozrandom interleavers are defing@d pseudotrandom number generator or a

look+uptable where all integers from 1 to N (the block size to be interleaved) gembeated.
This approach can lead to goodlmd interleavers, especially for small interleaver sizes. The
only criterion for choosing between them is based on computer simulations; ther® $=ano

analyticalcriteria.
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4.7 aSxtype? interleavers
It was shown in [44] that weight+2 data sequences are an important factor in the design of

thecomponent codes. The weight of a data sequeriteh is made of Os and 1s, is the number of
1s in that sequence. If we randomly select an interleaver of size N, the probability that a particular
weight+2data sequence will be permuteyglthe interleaver into another sequence of the same
form is roughly 2/N for lage N. This probability is lger for smaller N.

Thereforejn order to avoid these identical permutations?@&trandom® permutation was
definedas follows: each randomly selected integer is compar&dpreviously selected integers.
The current integer is accepted if and only if it is atistance lager than S from any of the S

previousselections.The process is repeated for all N addresses. For a given N, the maximum S
factor that should be used is less tha%. The interleaver gain is usually der for lager S

values.

4.8 aUniforme interleavers
Performanceboundsfor turbo codes were given in [45] using a conceptual uniform

interleaverwhich is the average of all possible interleavers. Let us consider a sequence wmade of

onesandk+w zeros. A uniform interleaver of lengthis a probabilistic devicevhich maps this

sequenceo all distinct \lfv permutations with equal probabili%y&—. This techniqueallows
w
theanalysis of a turbo code astifvere made of two independent elementary codes, due to the
uniform distribution produced by the interleaver
This method gives upper bounds on the error probability which are apgteate at high
valuesof SNRs. Howevetthe bounds are significantly worse from the performance which can be
achievedby turbo codes at very low SNR values. Despite this, the concept of uniform

interleavingis a key to understanding turbo code performance.

4.9 The best interleaver
Interleaversare designed for specific system requirements. There is therefore no universal

formulathat can be used. For example, we have found that for short block sizes apfNgwa&

odd+everinterleaver outperforms a pseudoxrandom interleaver [41] and vicexversa at higher
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Ew/Ng. For lager block sizes, an Sttyp#erleaver outperforms a pseudozrandom interleaver
[37].

In Figure 4.2 the extrinsic informatidBy (see Section 2, Part IlI) associated with the
informationbit dy at timek is produced by the MAP algorithm using a forward and backward

recursionapplied to the whole received sequence.

Transmitted sequence

Tk
_ Nm Nm
Received sequence -~ -
! \ Rk / |
Extrinsic information output \ /
Ex

Figure 4.2: Extrinsic information for turbo codes.

Basedon our computer simulations, 958bthe value of the extrinsic informatidfy is
determinedy the previous N and the following I, received symbols, where,Ns ten timeghe
constraintength of the code. The ar the interleaver size, the more 2uncorrelated® thg 2N
symbolsof the straight sequence of data are, compared with thesgibols of the interleaved
data.This process allows for two @independent® criteria to estimate the soft value of the same bit
andthen the estimates are passed as extra information from one decoder to another

Oncethe above condition is fulfilledp obtain a further improvement in the performance of
turbocodes, a second limiting factor has to be considered: the degree of &randomness® with which
theinterleaver and the deinterleaver spread the burggafs from one decoder output to the
nextdecoder input. From this point of view the ideal interleaver is a random interleaver

In [47] we showed that performance improvements in the error floor problem could be
madewith interleaver design. This result is shown in Figure 4.3 for a block size of 8192 bits with
rate1/3 coding, and nine decoder iterations. This figure indicates the potential improvement of a
betterinterleaver Lamger block sizesould possibly be used to provide even better performance

results.
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4 * Designed Interleaver
o Pseudo Random Interleave

10%° | | | | | |
-0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2

Eb/No

Figure4.3: Performance of Designed and Random Interleaver farTode.

In [48], a method to optimise the interleaver structure using the 2Hungarian method®
(linear sum assignment problem) [49] is presented. The goal is to break all the weight+2
sequencesuch that at least one of the outputs avoids a terminating zerotphase sequence.

In [50] a canonical form of the interleaver engine with minimal delay is defined as a finite
statepermuter (FSP).Two algorithms are developed for a systematic iterative construction of
interleavers with @omplexity that is polynomial with the interleaver size. Each transposition
vectorhas associated with it a cost functitine algorithms aiming at the minimisation of this cost
function. The complexity of the algorithm depends on the length of the error patterns which are
takeninto consideration.

Recentwork has shown that the tails can be dispensed with, without any significaimt loss
performancedor higher interleaver sizes.

Fromall the above examples of interleaver design it is clear that the role of the interleaver is
to allow the decoders to make uncorrelated estimates of theadods of the same information
bit. The less 2correlated® the two estimates are, the better the gencerof thdterative
decodingalgorithm. The role of the interleaver in the iterative process was identified by one of
theauthors in [51] as similar to the roletble random generator in the 2chaos game® in ensuring

the convegence to its attractothe Sierpinski gasket [52].
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